Unification of multi-qubit polygamy inequalities 
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We establish a unified view of polygamy of multi-qubit entanglement. We first introduce a two- 
parameter generalization of entanglement of assistance namely unified entanglement of assistance 
for bipartite quantum states, and provide an analytic lowerbound in two-qubit systems. We show a 
broad class of polygamy inequalities of multi-qubit entanglement in terms of unified entanglement 
of assistance that encapsulates all known multi-qubit polygamy inequalities as special cases. We 
further show that this class of polygamy inequalities can be improved into tighter inequalities for 
three-qubit systems. 
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I. INTRODUCTION 

As a quantum correlation among different systems, 
quantum entanglement shows an essential difference from 
classical correlations. If a pair of parties in a multi-party 
quantum system are maximally entangled then they can- 
not share any entanglement jl|, nor classical correla- 
tions [3] with the rest of the system. This restricted 
shareability of entanglement in multi-party quantum sys- 
tems is known as monogamy of entanglement (MoE) ; 
more entanglement shared between two parties necessar- 
ily implies less entanglement shared with the rest of the 
system. Furthermore, shared entanglement between two 
parties even limits the amount of classical correlation 
that can be shared with the other parties. 

MoE plays a crucial role in many quantum informa- 
tion processing tasks. In quantum key-distribution pro- 
tocols, the possible amount of information an eavesdrop- 
per could obtain about the secret key can be restricted 
by MoE, which is the fundamental concept of security 
proof. MoE also plays an important role in condensed- 
matter physics such as the A^-representability problem 
for fermions Q. 

The first characterization of MoE was proposed as 
an inequality in three-qubit systems [l[ using concur- 
rence [6| to quantify shared bipartite entanglement. 
Later, monogamy inequality was generalized into multi- 
qubit systems in terms of various entanglement mea- 
sures [2, 0-Q , and also some cases of higher-dimensional 
quantum systems rather than qubits 10]. 

Whereas, monogamy inequality is about the restricted 
shareability of multipartite entanglement, the dual con- 
cept of the sharable entanglement, namely distributed 
entanglement, is known to have a polygamous property 
in multipartite quantum systems. A mathematical char- 
acterization for the polygamy of entanglement was first 
provided for multi-qubit systems [Tlj using concurrence 
of assistance (CoA) [IJ] to quantify the distributed bipar- 
tite entanglement. Recently, a broad class of polygamy 



inequalities for multi-qubit systems was proposed [8| , and 
a polygamy inequality in tripartite quantum systems of 
arbitrary dimension was also shown using entanglement 
of assistance (EoA) [l3i |. 

Here, we provide a unified view of these polygamy 
inequalities of multi-qubit entanglement. We first in- 
troduce a two-parameter generalization of EoA namely 
unified entanglement of assistance (UEoA) for bipartite 
quantum states, and provide an analytic lower bound for 
UEoA in two-qubit systems. By investigating the func- 
tional relation between UEoA and concurrence, we es- 
tablish a two-parameter class of polygamy inequalities of 
multi-qubit entanglement in terms of UEoA. This new 
class of polygamy inequalities reduces to every known 
multi-qubit polygamy inequalities as special cases, there- 
fore our new class of polygamy inequalities also provides 
an interpolation among various polygamy inequalities of 
multi-qubit entanglement. We further show that our 
polygamy inequality can be improved into a tighter in- 
equality for three-qubit pure states. 

This paper is organized as follows. In Section Hi Al we 
define UEoA for bipartite quantum states, and discuss 
its relation with CoA, EoA, and Tsallis entanglement of 
assistance (TEoA) . In Section III Bl we provide an an- 
alytic lower bound of UEoA in two-qubit systems. In 
Section Uni we derive a class of polygamy inequalities of 
multi-qubit entanglement in terms of UEoA, and sum- 
marize our results in Section [IVI 



II. UNIFIED ENTANGLEMENT AND UNIFIED 
ENTANGLEMENT OF ASSISTANCE 

A. Definition 

Let us first recall the definition of unified entropy for 
quantum states [H, IH]. For g, s > such that q ^ 1, 
s 7^ 0, unified- (g, s) entropy of a quantum state p is 



Sq,s{p) ■■ = 



1 



(1 - q)s 



(1) 
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Unified- (g, s) entropy has singularities at g = 1 or s = 0, 
however it converges to von Neumann entropy as g tends 
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to 1; 

lim Sqjp) = -trplogp =: S{p), (2) 

q^l 

and Renyi-q entropy [IB, [111 as s tends to 0, 

lim S,Ap) = logtiy =: R,{p). (3) 

For this reason, we can consider unified-((7, s) entropy as 
von Neumann entropy or Renyi-g entropy when q = I 
or s = respectively; for any quantum state p we just 
denote Si^s{p) = S{p) and Sqfi{p) = Rq{p)- We also note 
that unified- (g, s) entropy converges to Tsallis-g entropy 
when s tends to 1, 

V(p)-T^(tay-l)=:T^,(p)- (4) 

1 — q 

For a bipartite pure state k/;)^^ and each q, s > 0, its 
unified-(g, s) entanglement ^9] is defined as 

Eq,smAs)--=S,ApA), (5) 

where pA = i'^B\4') ABi''P\ reduced density matrix 

of lip) AB onto subsystem A. For a mixed state pab, its 
unificd-(g, s) entanglement is 

Eq,s [pab] ■■= mm^piEq^s{\tpi) ab)^ (6) 

i 

where the minimum is taken over all possible pure state 
decompositions of pab = J^iP'-l^i) ABi'^'-l- 

Due to the continuity of unified-((?, s) entropy with re- 
spect to q and s, unified-(g, s) entanglement in Eq. (|6]) 
converges to the entanglement of formation (EoF) as q 
tends to 1, 

lim Eq^s (pab) = Ef (pab) , (7) 

q^l 

where Ef{pAB) is EoF of pab defined as 

i?f(pAB) = min^p,5(p^) (8) 

i 

with trB|^/;*)^B(^*| = p\ and the minimization be- 
ing taken over all possible pure state decompositions of 
PAB = Z)iP»I'^»)ab(V'j|- When s tends to 0, unified-(g, s) 
entanglement reduces to a one-parameter class of entan- 
glement measures namely Renyi-g entanglement 0] 

lim £',,s (pab) = 7^q (pab) ■ (9) 

s— ^0 

Unified-(g, s) entanglement also reduces to another one- 
parameter class called Tsallis-t? entanglement [Ij as s 
tends to 1, 

lim Eq,s {pab) ^Tq {pab). (10) 



In other words, unified-(gr, s) entanglement is a two- 
parameter generalization of EoF including the classes of 
Renyi and Tsallis entanglement as special cases. 

As a dual concept of EoF, EoA of a bipartite mixed 
state PAB is defined as ^19.] 

i?"(pAB)-max^p,^(p^), (11) 

i 

where the maximum is taken over all possible pure 
state decompositions of pab = TliiPi\'4'^) ab{''P^\ with 
trB|?/'*)AB('0N = P\- Here, we note that EoA in Eq. pl|) 
is clearly a mathematical dual to EoF in Eq. ([5]) because 
one is the maximum average entanglement over all pos- 
sible pure state decompositions whereas the other takes 
the minimum. Moreover, by introducing a third party 
C that has the purification of pab, E°-{pab) can also be 
considered as the maximum achievable entanglement be- 
tween A and B assisted by C [l^. (This is the reason 
why it is called the assistance.) In other words, E°'{pab) 
is the maximal entanglement that can be distributed be- 
tween A and B assisted by the environment C; therefore, 
EoA is also physically dual to the concept of formation. 

Similar to the duality between EoF and EoA, we define 
UEoA of Pab as the maximum average entanglement 

Eq,s (pab) ■■= max^p,Eq^s{\tpt) ab) (12) 

i 

over all possible pure state decompositions of pab- Due 
to the continuity of unified entropy with respect to q and 
s, we have 

hm El, (pab) = E'^ (pab) , (13) 

where E^{pab) is the EoA of pab in Eq- (fTT|) . When q 
tends to 1 UEoA reduces to TEoA ^8], 

lim E-, (pab) ^Tq^PAB), 

(14) 

where Tq (pab) is TEoA of pab defined as 

7^° (pab) := max^pi7;j(|'i/;i)AB)- (15) 

i 

B. Analytic Evaluation 

For a bipartite pure state its concurrence @|, 

C(IV')ab) is 

C(IV')ab) = \/2(l-trp^), (16) 

where pA ~ '^'^B^i') ab^^\)- ^ mixed state pab, its 
concurrence is 

C(pab) = min^j3feC(|V'fe)AB)' (1^) 
fc 
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where the minimum is taken over all possible pure state 
decompositions, pab = J2kPk\'^k) Asi'^kl- 

For a two-qubit pure state \iP)ab with Schmidt decom- 
position 



/AB 



(18) 



with PA = trs(|V)^B(V'l) = Ao|0)^(0| + Ai|l)^(l|, 
^(IV-')ab) i'^ ^1- ^16]) can be rewritten as 



C(IV')ab) = \/2(1 - trpi) = 2v/a;aT, (19) 
Here we note that 



2v%a7 = (trVpI) - 1 = 5i ,2 (pa) = i?i ,2 (IV^)ab) . 

(20) 

therefore unified-(g, s) entanglement of a two-qubit pure 
state lip) AB reduces to the concurrence when q = 1/2 
and s = 2. Consequently, we have 



C{pab) = El 2 (pab) 



(21) 



for a two-qubit mixed state pab because both concur- 
rence and unified- (g,s) entanglement of bipartite mixed 
states are defined by the minimum average entanglement 
over all possible pure-state decompositions of pab- 

In two-qubit systems, concurrence has an analytic for- 
mula ; for a two-qubit state pab i 

C{pab) = max{0, Ai - A2 - A3 - A4}, (22) 

where A^'s are the eigenvalues, in decreasing order, of 

V \JPabPab\JPab and pab ^ dy® (^yP*AB^v ® '^ith 
the Pauli operator ay. Moreover, concurrence in two- 
qubit systems is related with EoF by a monotonically 
increasing, convex function. 



Ei{pab) = £{C (pab)), 



(23) 



where 



S{x)^hI- vL^), forO<a;<l, (24) 



with the binary entropy function H{t) = — [t logt -I- (1 — 
i)log(l — t)] [6|. This function relation between concur- 
rence and EoF is also true for any bipartite pure state 
with Schmidt-rank 2. In other words, the analytic for- 
mula of concurrence in Eq. ([22l) together with the func- 
tional relation in Eq. lead to an analytic formula of 
EoF in two-qubit systems. 

Recently, it was shown that concurrence also has a 
functional relation with unified- (q,s) entanglement in 
two-qubit systems ; for any two-qubit mixed state pab 
(as well as any bipartite pure state with Schmidt-rank 2), 



for(7>l,0<s<l and qs < 3 where fq,s{x) is a 
differentiable function 



((1 + vT^y + (1 - vT^yy 



(1 - q)s2i^ 



1 



(1 - q)s 



(26) 



on < a; < 1. This functional relation in Eq. ([25|) was 
established by showing the monotonicity and convexity 
of fq,s{x) for q > 1, < s < 1 and qs < 3. fq,s{x) reduces 
to E{x) in Eq. ([M]) as q tends to 1. 

Here, we note that fq,s{x) in Eq. (f26| also relates 
UEoA with CoA in two-qubit systems. 

Lemma 1. For q > 1, < s < 1, gs < 3 and any 

two-qubit state Pab 7 



{pab) > fq.s (C^iPAB)) 



(27) 



where E^^Ipab) o,nd C°'{pab) o-f^ UEoA and CoA of 
Pab respectively. 

Proof. Let pab = J^kPkli^k) ABi^k\ be the optimal de- 
composition realizing CoA, 



C'^(pAB)-5]pfcC(|^fe)^s), 



(28) 



then we have 



(riPAB)) =fq.s (^PkC{\i^k)AB)^ 

<^Pkfq,s (C (IV'fc)^^)) 
k 

^^PkEq^s (IV'fc)As) 



<El, {pab) , 



(29) 



where the first inequality is due to the convexity of fq^s 
for the range oi q> l,0<s< 1 and qs < 3, the second 
equality is the functional relation of UEoA and concur- 
rence for two-qubit pure states, and the last inequality is 
by the definition of UEoA. □ 

Thus, together with the analytic formula of two-qubit 
concurrence in Eq. (|22p , Lemma [T] provides an analytic 
lowerbound of UEoA for two-qubit systems. 



III. MULTI-QUBIT POLYGAMY INEQUALITY 
OF ENTANGLEMENT 

Using the square of concurrence (sometimes, re- 
ferred to as tangle) to quantify bipartite entanglement, 
monogamy of multi-qubit entanglement was mathemati- 
cally characterized as an inequality [l|, Q ; for an n-qubit 
pure state \ip) a,A2---a„' 



Eq,s (pab) = fq.s {C{pab)) , 



(25) 



^Ai(A2---A„) ^ <^AiA2 



c 



AiA„i 



(30) 
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where Cai(A2---a„) = C(|V')ai(A2---a„)) is the concur- 
rence of |V')aiA2 - a with respect to the bipartite cut 
between Ai and the others, and CAiAi = C{PAiAi) is 
the concurrence of the reduced density matrix pAiAi 
for i = 2, . . . ,n. This monogamous property of multi- 
qubit entanglement was also established in terms of var- 
ious entanglement measures using Renyi and Tsallis en- 
tropies and these classes of monogamy inequali- 
ties were recently generalized as a generic two-parameter 
class in terms of unified-(g, s) entanglement [9|. 

Whereas monogamy of multipartite entanglement re- 
veals the restricted shareability of multi-party entangle- 
ment in terms of entanglement measures, entanglement 
of assistance, the dual concept of entanglement measures, 
was also shown to have a dually monogamous (that is, 
polygamous) relation in multi-party quantum systems; 
for a multi-qubit pure state a-^^...a„' have the fol- 
lowing polygamy inequality. 



r,2 



(31) 



where C^j^^^ is the CoA of the reduced density matrix 
PAiAi for z = 2, . . . ,n. 

In other words, the bipartite entanglement between Ai 
and A2 ■ ■ ■ An is an upper bound for the sum of two-qubit 
entanglement between Ai and each of A'^s in monogamy 
inequalities. Moreover, the same quantity also plays as a 
lowerbound for the sum of two-qubit distributed entan- 
glement in the polygamy inequality. For three-party pure 
states, a polygamy inequality of entanglement was also 
introduced by using EoA and a class of polygamy 
inequalities for multi-qubit mixed states was also intro- 
duced using TEoA [1]. 

Here we establish a unified view of this polygamous 



property of multi-qubit entanglement by introducing a 
two-parameter class of polygamy inequalities in terms of 
UEoA. Before we provide the class of polygamy inequali- 
ties, we first prove an important property of the function 
fq,s{x) in Eq. (ESI). 

Lemma 2. For 1 <q <2 and -q^ + 4g - 3 < s < 1, 

(V^^T7) < fU^) + lUv) (32) 

for < a;, y, + y-^ < 1. 



Proof. In fact. Inequality p2p was already shown when 
q ~ 1 OT q ^ 2 (consequently s = 1) @, [l^ so we prove 
the lemma for the case of 1 < g < 2. The proof method 
follows the construction used in [oj. 

For I < q <2 and -q^ + 4(7 - 3 < s < 1, let us define 
a two- variable function hq{x,y), 

hq.s{x,y) := fq^s [y/x"^ + y^) - fq,s{^) ~ fqAv)^ (33) 

on the domain T) — {{x,y)\{) < x,y,x'^ + 2/^ < 1}, then 
Inequality p2p is equivalent to show that hq^s{x,y) < 
for the range of q and s. 

Because hq^s{x, y) is continuous on the domain T) and 
differentiable in the interior 13, its maximum or mini- 
mum values can arise only at the critical points or on the 
boundary of V. The gradient of hq^s{x,y) is 



V/iq,s(a;,2/) 



dhq^s(x,y) dhq^six,y) 



dx dy 
where the first-order partial derivatives are 



(34) 



J 



'J^^ ^r-^ (e(.)^ + ^[xyr^ (e(x)-^ - s(.)-^) 



qsx 



(e(v^^T^)' + s(v^^T^)y '(^e(v^^T^)' '-s(V^^T^)' 



dhq^six,y) qsy 



dy 



1 — \ / 



qsy 



sj\-x^ - r 



(e(y 



2^ +2/ + 



(35) 



with 0(t) = 1 + Vl — i'^, ^{i) = 1 — \J\ —t'^ and F = where nq_s{t) is a differentiable function 
l/[(l-g)s2''«]. ^ 

Suppose that there exists {xo,yo) £ V such that ^q-sit) _ ^2 (®(*) + "(0 ) 

V/i9,s(a;o, yo) = (0, 0), then Eq. §^ implies ^ (e(i)'"^ - "(t)''"^) (37) 

nq.sixo) = riq^siyo), (36) on < t < 1. 
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We first show that nq^sit) is a strictly increasing func- with = qs (O(t)'^ + /t (l — i^). 

tion and thus Eq. p6p imphes Xq — i/q. This is also 
enough to show that dnq^s{t)/dt > for < t < 1 
because nq_s{t) is differentiable with respect to t. The 
first-order derivative of nq_s{t) is 

dt 

+ rtq{i-s)t^ (e(t)'?-i-s(t)'?-i)' 
-n{q-i)tAe{ty + Eit)'') 

For 1 < q < 2 and —q + 4(7 — 3 < s < 1, we have 
■{e{tr' + E{tr') (38) q(i 2 > 9- 3, thus " " 



di 



(e(t)'-i-s(t)^-i) 



2(e(i)'?-2 + 5(i)''" 



-t2 

I 



(39) 



Due to the relation 9(t) — ^{t) = 2\J\ — t'^, we have 



_e (9(t)9-3 - s(t)9-3) 



(40) 



and the binomial series of 9(t)" = (1 + VT^) and 
E{t)°' = (l - Vl - f^Y lead us to 



9(i)" - S(t)" >2a\/l-t^ 9(t)" + S(t)" > 2 (41) 

for real a. Furthermore, using the relations <d{t) + E{t) ~ 
2 and Q{t)E{t) = t^, it is also straightforward to verify 
that 

- (9(i)« + E{tY) (9(i)«-2 + S(i)9-2) ^ ^2,-4^ 

(42) 

Thus, together with Eqs. (gOl), (HH) and (jH)), Inequal- 
ity dSSl) yields 



dn,,,(t) ^^ ^^ mY + m") {m'-' - ^(t)*-^) 



dt ' " 

- 174(g - 3)i2'?-2 
>4n(g-3)(i*-<29-2)_ 



(43) 



The last term of the inequality is strictly positive for 
1 < q < 2 and < i < 1, therefore nq^s{t) is a strictly in- 
creasing function for 1 < g < 2 and —q'^ + 4:q—3 < s < 1. 
In other words, Eq. (|36|) implies xq = yo- However, 
from Eq. (I55t . V/i5^s(xo, xq) = (0,0) also implies that 



(xq) — nq,s{V2xo) for some xq & (0,1), which con- 
tradicts the strict monotonicity of n^.s(i). Thus hq_s{x, y) 
does not have any vanishing gradient in 2? for 1 < q < 2 



and 



4(7 - 3 < s < 1. 



Now let us consider the function value of hq^x^y) on 
the boundary of V, that is, either a; = or y = or 
x^+y'^ = 1. If a; — or y = , then clearly hq^x, y) = 0. 



Suppose X 



y 



1 with X ^ and y ^ 0. Then 



hq^a{x,y) becomes a single- variable function. 



^q,s(*^) • 



((i + VT^^' + ( 



1 



{q - l)s29-« 
xf + {\ - xf Y - 2' - 2'i'' 



((1 



[q - l)s2 



qs 



(44) 



for < a; < 1. 

Because (^-1)329* > for 1 < g < 2 and -q'^+Aq-3 < 
s < 1, the sign of the function Iq^x) is same with that 
of the following differentiable function 



Tjiq^x) ■■=[{}+ 71^)% (i - ^/i-x-^yy 

+ {{l + xY + {l-xYY -2' -2"'. (45) 



6 




where i^^.s (pyii(yi2 - A„)) is the unified-{q, s) entangle- 
ment of pAiA2---A„ with respect to the bipartition between 
Ai andA2---An, and ^{pAiAi) is the UEoA of the 
reduced density matrix PAiAi for i — 2, ■ ■ ■ ,n. 

Proof. We first prove the theorem for a n-qubit pure 
states, and generahze the proof into mixed states. For a 
n-qubit pure state |V')ai(A2---a )' first assume that 

cx^A....A„) < n,Ay+ h,\j' + ■■■ + n,A,f < 1 

in Eq. (I3T|). Then we have 



E, 



q,s 



Ui{A2-A„) 



) — fq,siCAi{A2---A„)) 



< fq,s {CA1A2) 

+ U,s {^{Cl^A,f + --- + {CMAj) 



Fig. 1: (Color online) The function values of m^^s (l/-\/2) 
(patched blue curved surface) are indicated for real parame- 
ters s and q. Yellow area on the top of the box indicates the 
range of q and s such that 1 < q < 2 and —g^ -1-45 — 3 < s < 1. 



If we consider the derivative of mq^s{x), 



da; 



(l + x)"-^ -{l-x) 



9-1 



sqx 



(1 + x/T^^)' + (1 - VT^^)' 



s-1 



(46) 



we note that x = 1/ \/2 is the only critical point of 
ruq^six) on < x < 1. Furthermore, it is also straight- 
forward to verify that niq^s (l/v^) < for 1 < q <2 and 
—(7^ +4g — 3 < s < 1, which is illustrated in Figure [T] 
Because mg,s(0) = mg,s(l) ~ and niq^s (1/a/2) < 
where x = 1/^/2 is the only critical point of mq,s{x), 
mq^s{x) < through out the whole range of < a; < 1. 
In other words, hq,s{x,y) < for 1 < q < 2 and 
— g^-|-4g — 3<s<l, which complete the proof. □ 

Now, we are ready to have the following theorem about 
the polygamy of multi-qubit entanglement using unificd- 
{q, s) entropy. 

Theorem 1. For 1 < q <2, -q^ +Aq-i<s<l and 
any multi-qubit state pAi---An > ™2 have 

Ks {PA^{A2-A„)) < ElJpA,A2) + ■■■+ EI^{pa,aJ 

(47) 



< fq,s {CA1A2) + + ••■ + fq,s {CXiAr,) 

< Eq^s H + Eq ,. (pAiAJ , 

(48) 

where the first inequality is due to the monotonicity of 
the function fq^six), the second and third inequalities 
are obtained by iterative use of Lemma [5J and the last 
inequality is by Lemma [TJ 

Now, let us assume that Cai{A2---a„) — 1 < {^AiA2)^ + 
••• + (C'X^j^^y. Because fq, six) is an increasing func- 
tion [91, we have 



E„ 



/Ai{A2 



<fq,s (1) (49) 



(CI,. 



< 1, 



> 1. 



for any multi-qubit pure state {''P) Ai(A2---a )■ Thus it is 
enough to show that Eq ^{pAiA2) + • • • + Eq ^^pa^a^) > 

fq.sa)- 

Our assumption I < (C^^^J^ + • • • + (C^^a,,)^ implies 
that there exists fce{2,...,n — 1} such that 

(01^2)' + 

{Cl,A2f + 

By letting 

T ■■= {C\^A2f + ■ 
we have 

fq.s (1) ^fq.s (1) 

[^{ci^A2f + --- + n,A.j^-T) 

< 



+ iCl,A.,f-^>0, 



(50) 
(51) 



Us {^n,A2r + --- + n.Aj') 

+ fq,{^{C'X,A.J'-T) 

^fq,s ^ + fq,s (C^iAfc) + /g,s(CAiAfc+i) 

<El,{pA,A2) + ■■■+ EI,{pa,aJ, (52) 
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where the first inequahty is by using Lemma [2] with re- 
spect to {Cl^^^f + • • • + (C1^^J2 [CX^A.J^ - T, 
the second inequality is by iterative use of Lemma [5] on 
(^SiAa)^ + • • • + (C^^^^)^, and the last inequality is by 
Lemma [TJ 

Now let us consider multi-qubit mixed states. For 
a rt-qubit mixed state paiA2 - a„, let P A^{Ai---An) = 
'Ylij Pj IV'j) Ai(A2 -A ) I optimal decomposition for 

UEoA such that 

(PA,(A....A„)) = E^'^-^^.^ (|^^)a.(A....A„)) • (53) 

Because each |'0j)^j(^2 - a ) ^^'^ decomposition is an 
n-qubit pure state, we have 

(54) 

where p^^^. is the reduced density matrix of j) j^^. . . 
onto two-qubit subsystem A\Ai for each i = 2, • • • ,rt. 
From Eq. (|53l) together with Inequality (|54l) . we have 

^9% (PAi(A2-A„)) =I]Pj-Eq,s (l'Aj>Ai(A2-A„)) 
<E^'^^.% (/'A,A.)+--- 

i 

j 

(55) 

where the last inequality is by definition of UEoA for 
each pAiAi- □ 

We note that Inequality (|47l) is reduced to Tsallis-q 
monogamy inequality [8] 

V (pAi(A....A„)) < %%PA,A,) + ■ ■ • + V(PAiaJ (56) 

as s tends to 1, and it also reduces to the multi-qubit 
polygamy inequality in terms of EoA [13i] as q tends to 1. 
For q = 2 and s = 1, unified- (g, s) entanglement coincides 
with the squared concurrence for two-qubit pure states; 
for a bipartite pure state | ■0)^13 with Schmidt-rank 2, 

i?2,i(IV')AB)=C2(|V;)^s)- (57) 

For this relation, it is also straightforward to verify that 
Inequality (j47|) reduces to Inequality (|3T|) as q — 2 
and s 1. Thus, Theorem [T] provides an interpola- 
tion among EoA, TEoA and CoA polygamy inequalities 
of multi-qubit entanglement, which is illustrated in Fig- 
ure[2l We further note that the continuity of unified- (q, s) 
entropy also guarantees multi-qubit polygamy inequality 
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Fig. 2: (Color online) The domain of real parameters q and 
s where multi-qubit polygamy inequality holds in terms of 
UEoA. The dashed line indicates the domain for which the 
multi-qubit polygamy inequality holds for Tsallis-g entropy 
(TEoA), and the dashed-dot line is the domain for von Neu- 
mann entropy (EoA). The shaded range is for unified- (g, s) 
entropy (UEoA). 

in terms of UEoA when q and s are slightly outside of 
the proposed domain in Figure [2j 

In three-qubit systems. Inequality (j47p in Theorem [T] 
can be improved into a tighter form. A direct observation 
from [l[ shows 

^A(BC) = ^^AB + {^AcYi (58) 

for a 3-qubit pure state |''/')a_bc '^here Cab and C\(j are 
the concurrence and CoA of pab and pAC respectively. 

From Eq. (|58p together with Lemma [21 we have the 
following tighter polygamy inequality of three-qubit en- 
tanglement. 

Theorem 2. For l<q<2, -q^ + Aq-?,<s<l and 
any three-qubit pure state |V')a_bC' ™^ have 

Eg.s {H)a(bc)) < E.Apab) + El,[pAc) (59) 

where Eq,s (^IV')a(sc)) unified-{q, s) entanglement 

of |'0)asc ^^'i respect to the bipartition between A and 
BC , Eq^pAB) is the umfied-{q, s) entanglement of pab 
and ^(pAc) is the UEoA ofpAc- 

Proof. Because {tp) abc ^ bipartite pure state between 
A and BC with Schmidt-rank less than or equal to two, 
we have 

Eq,s {i^A(BC)) = fq,s {Ca(BC)) ■ (60) 
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Thus, 

fq,s {Ca{bc)) = fq,s (^\/Cab +^ac^^ 

< fq,s(CAB) + fq,s{CAc) 

<E,Apab) + EI^{pac), (61) 

where the first inequahty is by Lemma [2l and the second 
inequality is by Lemma [TJ □ 

IV. CONCLUSION 

Using unified-((7, s) entropy, we have provided a two- 
parameter generahzation of EoA, namely UEoA with an 
analytical lowerbound in two-qubit systems for q > 1, 
< s < 1 and < 3. Based on this unified formalism 
of EoA, we have established a broad class of multi-qubit 



polygamy inequalities in terms of unified-(g, s) entangle- 
ment for 1 < g < 2, -q^ -|- 4g - 3 < s < 1. We have 
also shown a tighter polygamy inequality for the case of 
three-qubit pure states. 

The class of polygamy inequalities we provided here en- 
capsulates every known case of multi-qubit polygamy in- 
equality in terms of EoA, CoA or TEoA as special cases, 
as well as their explicit relation with respect to a differ- 
ential function fq_s(x). Thus our result provides a useful 
methodology to understand the restricted distribution of 
entanglement in multi-party quantum systems. 
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